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Abstract. In this paper, the HyperKahler contact distribution of a 3- 
Sasakian manifold is studied. To analyze the curvature properties of this 
distribution, the special metric connection V is defined. This metric con- 
nection is completely determined by HyperKahler contact distribution. 
We prove that HyperKahler contact distribution is of constant holo- 
morphic sectional curvatures if and only if its 3-Sasakian manifold is 
of constant <^a-sectional curvatures. Moreover, it is shown that there is 
an interesting relation between the sectional curvatures of ipa-planes on 
TM of metric connection V and the Levi-Civita connection. 
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1. Introduction 

Historically Sasakian structures grew out of research in contact manifolds. 
In 1960, Sasaki [14] introduced a geometric structure related to an almost 
contact structure. This geometry became known as Sasakian geometry and 
has been studied extensively ever since. In the 1960's, the Sasakian structure 
was studied extensively as an odd dimensional analogue of Kahler spaces jlSj . 

Afterwards, by developing the Kahler structure to Quaternionic spaces 
the concept of Quaternionic Kahler and HyperKahler manifolds were intro- 
duced. HyperKahler manifolds are special class of Kahler manifolds. They 
can be thought of as quaternionic analogues of Kahler manifolds while a 
quaternionic Kahler manifold needs not to be a Kahler one in general. In 
recent years quaternionic Kahler and HyperKahler manifolds have received 
a great deal of attention. They appear and play an important role in many 
different areas of mathematics and mathematical physics [UllJ [5l El [9] . The 
3-Sasakian manifolds, which have a close relation to both HyperKahler and 
Quaternionic Kahler manifolds, first appeared in a paper by Kuo in [11] . In 



2 



Rezaii, H. Attarchi and F. Babaei 



1970 three more papers [T11[TS1[T7] were published in the Japanese Hterature 
discussing Sasakian 3-structures. Later on, in 1973 Ishihara [S] had shown 
that if the distribution formed by the three Killing vector fields which define 
the 3-Sasakian structure is regular then the space of leaves is a quatcrnionic 
Kahler manifold. 

We assume that (A/, i^Sq, ry", ^q, 5) is a 3-Sasakian manifold and H de- 
notes the transverse distribution to the Riemannian foliation < ^1,^2,^3 > 
with respect to the metric g in the tangent bundle TM. The purpose of this 
paper is to study the geometric properties of the distribution H as well as the 
tangent bundle of a manifold such as curvature tensor, sectional curvature 
and Ricci tensor. Moreover, we investigate the close relation of </Jq, -sectional 
curvatures of M and holomorphic sectional curvatures of H. We can refer 
to [5] as an analogue work on Sasakian manifolds. 

Aiming at our purpose, we organized this paper as follows. In section 
2, we present some basic notations and definitions which are needed in the 
following sections. In section 3, the new linear connection V is introduced in 
the terms of Levi-Civita connection. We show that it is a metric connection 
and completely determined by H. Moreover, the (fa structures are parallel 
with respect to the new connection V on H. In section 4, we present the 
HyperKahler properties of the distribution H and call it the HyperKahler 
contact distribution. In this section, the curvature and Ricci tensor of Hy- 
perKahler contact distribution H is defined with respect to the metric con- 
nection V. Finally, in this section, we prove some theorems that show the 
curvature properties of this distribution and its close geometric relation with 
the 3-Sasakian manifold. 

2. Preliminaries and Notations 

Let M be a (2ri4- l)-dimensional smooth manifold. Then, the triple structure 
{^p,r],^) on M, consisting of the (l,l)-form ip, non-vanishing vector field ^ 
and the 1-form 77, is called an almost contact structure if 

f^^-i + v^i, 77(0 = 1. 

This structure will be called a contact structure if 

ij A (d?7)" ^ 0. 

The manifold M^"+^ with the almost contact or contact structure {ip, 77, ^ is 
called almost contact or contact manifold, respectively, and they are denoted 
by (M, Lp, r], There was proved that every almost contact manifolds admit 
a compatible Riemannian metric in the following sense 

v{X)=g{^,X), g{^X,^Y) ^ g{X,Y) ~f^{X)f^{Y), (2.1) 

for all X,Y ^ r{TM). In case of contact metric manifolds, the fundamental 
2-form il defined by 

niX, Y) = g{X, ipY), yX, Y e T{TM) 
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coincides with drj. 

Let V be the Levi-Civita connection with respect to the metric g on the 
contact manifold (M, 1^9, 77, ^, (7). Then, the (almost) contact metric manifold 
(M, ip, T], ^, g) is a Sasakian manifold if 

{\7xv)Y = g{X,Y)^~f^{Y)X. 

If (M, (p, 7], ^, g) is a Sasakian manifold then the following equations are sat- 
isfied 

Vx^^-vX, R{X,Y)^^7j{Y)X-rj{X)Y, 
R{tX)Y ^g{X,Y)^-rj{Y)X, S {X , ^ ^nr^iX) , ^'■^> 

where R and S are curvature tensor and Ricci curvature, respectively, given 
by following formulas 

R{X, Y)Z = VxVyZ - Vy Vx^ - V[x,y]^, (2.3) 

2n+l 2n+l 

5(X, Y)^Y. ^(^^' ^' ^) ■= 9{R{E,, X)Y, E,), (2.4) 

i=l i=l 

where Ei are orthonormal local vector fields on (M, g) [T31 [H] . 

Let (M, (7) be a smooth Riemannian manifold of dimension An + 3. The 
manifold (M, (7) is called a 3- Sasakian manifold when it is endowed with three 
Sasakian structures {M,(pa,'n°':^a,g) for a = 1,2,3, satisfying the following 
relations 

ipe = fp^-, -ri^ ®ii3 = -V-iVfi +r]'^ ^7, 

for all even permutation (/?, 7, 9) of (1, 2, 3). For more details about the above 
definitions see [3]. 

Let ^ be the distribution spanned by the three global vector fields < 
£.1,^2, £.3 >■ By means of Vx£,a — ^'■PaX for a — 1,2,3, one can prove the 
integrability of £ as follows 

Ka,^/j] = V^„e/?-V5,ec.-2^^, (2.5) 

for all even permutation (a, /3, 7) of (1, 2, 3). Therefore, £ defines a 3-dimensional 
foliation on M. Moreover, the equations V^^g = for a = 1, 2, 3 show that 
the foliation ^ is a Riemannian foliation. The transverse distribution of £ with 
respect to the metric g is denoted by H and it is given by H = n^^]^fcer(r7"). 
The distribution H is a 4n-dimensional distribution on M and it decomposes 
the tangent bundle TM as follows 

TAf = H © t 

In a 3-Sasakian manifold, the distribution H is never integrable and in the 
sequel we call it contact distribution. 
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3. H-Connection of 3-Contact Distribution 



Consider the foliation ^ and the distribution H on a 3-Sasakian manifold M. 
We can choose a local coordinate system by means of foliated charts such 
that 

VxeAf x= (z\z^z3,a;\...,x''"), 

with ^ =< g|r, gf^-, gfr >• This local frame is adapted to the foliation ^ and 
one can make the local basis {^|r, j^^r} of H orthogonal to ^ with respect 
to the metric g from the basis {gfr, g§^} a-s follows 



vT^a, i = l,...,4n a 1,2,3 



S _ d 

where ryf = ?7"(^)- Consider local basis 

6_ _5_ 



(3.1) 



(3.2) 



of TAf, then the Riemannian metric g in this local basis will have the pre- 
sentation as follows 

^10 Q \ 
10 
10 

V y 

where g,, =g(^,^). 

Now, we evaluate the Lie brackets of the local vector fields in p.ip 
First, by a direct calculation we obtain 



5xi 6x^ 



Ca- (3.3) 



Then, the Lie brackets of ,^2 and ^3 are given by p.Sp . By means of 



and 



2 ' ^^Sxi' Sx^- 



the Eq. p.3p will be appeared as follows 



s s s 



dx^ dx"^ 



(3.4) 



Now, we consider tensor fields hafj given by 
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for a, (3 = 1, 2, 3. These tensor fields on the 3-Sasakian manifold (M, ipa, t]", £,a,g) 
have the following more explicit expressions 

hiiiX) = h22iX) = h33iX) = 0, 
hi2iX) = -h2liX)=^3{X), 
h3l{X)^-h,3iX)=if2iX), 
h23iX) = -h32iX)=ifiiX), 

for ah X e TTM. 

Theorem 3.1. The Levi-Civita connection V of the Riemannian metric g on 
the 3-Sasakian manifold (M, (^q,, 77", ^q, 5) has the following components with 
respect to basis 

where 

2 \ 6x3 ^ Sx' 5xh / ■ ^ ' 

Corollary 3.2. [H [S] T/ie foliation ^ is totally geodesic and the Riemannian 
metric g is bundle-like for it. 

Consider the Levi-Civita connection V the on 3-Sasakian manifold (Af, g). 
Then, we define the linear connection V by 

^xY = VxY - 7?"(X)Vya - r,"(r)Vxec + ^"{X, Y)^^. (3.6) 

By direct calculations using p.ip and p.6p we obtain the following theorem. 
Theorem 3.3. locally, the linear connection V is completely determined by 
the formulas 

From Theorem 13.31 and p.Sp , we conclude that V is completely deter- 
mined by Riemannian metric induced by the g on the 3-contact distribution 
H. Moreover, it is easy to see that the 3-contact distribution H and foliation 
^ are parallel with respect to the linear connection V. For these reasons we 
call V the H- connection on the 3-Sasakian manifold M . 
This is surprising and interesting that the connection V presented in (I3.6P 
coincides with the connection V defined in [5]. In the following Lemma, we 
prove this equality 

Lemma 3.4. Let (M, g) be a Riemannian manifold with a 3-Sasakian struc- 
ture. Then, the connection V presented in iS. 6')J coincides with the connection 
V defined in [5]. 
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Proof. By the definition of V in [6 and using tlie focal frame p.ip . we obtain 

V , — ^(\7 , —)'^ = pk— s — 
Sx^ 1^ 6x^ Sx'^ 1^ 5xi ' 

wliere (V^ denotes the restricted component of the Levi-Civita con- 

nection V on 3-contact distribution H. □ 

From which, one can find the metrizability of V and some more infor- 
mation about its torsion and curvature in [6 . However, we present the local 
expression of its torsion and curvature with respect to the frame p.ip as 
follows 

Tv(.^,U^O, (3.7) 
for all even permutations (a, /?, 7) of (1, 2, 3). 



p/ S S \ S _ uh s 
_^ Sx'- ' Sx^ ' Sx'' "'ijkSx'^'^ 

i?(ea,^/3)^-0, 



(3.8) 



where X, F G T{TM) and 

5x^ 5x^ 

Moreover, the Lie brackets of vector fields on M in terms of the H-connection 
have the following expression 

= Vxr-VyX-2r!"(x,y)Ca, (3.10) 

for any X, F e FT A/. 

Theorem 3.5. Consider the linear connection V given by iS. 6]) on 3-Sasakian 
manifold [M, if 0.^,7]"^ ,^a^g) for a = 1,2,3. Then, the following equation is 
satisfied 

iVxVc.)Y^O, Va = l,2,3 

where X,Y eTH. 

Proof. To complete the proof, we need to evaluate {V _6_^ipa)-g^. Using p.6p . 
we obtain 

= v^^„(/-) + 17^(/-, ifc^i^mp - (^.(v^ /- + n^i^, /-)c^) 

ax' OXJ OX* OX^ OXJ OX^ OX^ 

Si' OX^ OX^ 0X1 ()x^ ox^ 
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s s s s 

OX^ OX-i OX^ OXJ 

It is easy to check the last equation is vanish for ah a = 1, 2, 3. □ 



4. HyperKahler Contact Distribution and its Holomorphic 
Sectional Cm-vatm-es 

If we restrict metric g and for a = 1,2,3 to the 3-contact distribution 
H, then H can be considered as an almost Hyper-Hermitian vector bundle. 
Moreover, for a = 1, 2, 3 are parallel with respect to the metric connection 
V on H. Therefore, H carries an analogue HyperKahler structure and we call 
it a HyperKahler contact distribution. The close relation of HyperKahler and 
3-Sasakian manifolds suggests this name as well. 

To study the curvature tensor of 3-contact distribution H, we present some 
properties of this tensor. By Corollarv l3.21 it is deduced that gij are functions 
of (a;*) for i = 1, An (i.e. £,a{gij) = for all a = 1, 2, 3). Using this fact and 
[^fr, 'fa] = 0, one can check that ia{F^j) = and therefore the equations p.8p 
and p.9p become 



f>(_S S \ S r>h S 

_ V fe> ' Sxi ) Sx>' ~_ ijk 5x1^ ' 



(4.1) 



where X,Y e T{TM) and 



T)h _ ij ik I pi p/i pt Tph /a on 



The equations ()4.ip and (|4.2p show that R just depends on H. Therefore, we 
put 

R(X,Y,Z,W)= g{R{X,Y)W,Z), VX, F, Z, £ TH, (4.3) 
and we call it the curvature tensor field of (H,(;|h). 

Lemma 4.1. The curvature tensor field R of the HyperKahler contact distri- 
bution H satisfies the identities: 

1. R{X, Y, Z, U) = -R{Y, X, Z, U) ~ -R{X, F, [/, Z), 

2. R{X, Y, U, Z) + R{Y, Z, J7, X) + i?(Z, X, U, Y) = 0, , . 

3. R{X, Y, Z, U) = R{Z, U, X, Y), ^ ' 

4. R{X, Y, ipa^Z, ip^U) = RiX, Y, Z, U) = R{ipc.X, ip^Y, Z, U), 

for any X, Y,Z,U eTH. 

Proof. The first equality in 1 is a general property of curvature tensor of any 
linear connection. The next equality of 1 is a consequence of the fact that V 
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is a metric connection. To prove 2, we use the Eq. p.lOp in a straightforward 
calculation as follows 

R{X, Y)Z + R{Y, Z)X + R{Z, X)Y = Vx^yZ - Vy^xZ - ^[x.y\Z 
+ Vy VzX - VzVyX - V[y,z]^ + ^ xY ~ ^ x^ zY - V[z.X]Y 

= [X, [y, z]] + 2{n^{x, [y, z]) + n^{VxY, z) + n"{Y, VxZUo. 
[z, X]] + 2(i7"(r, [z, X]) + i]"(VyZ, + vl"{z, VyX))^^ 
+[z, [X, Y]] + 2(ri"(z, [X, r]) + ^"{VzX, y) + Vzr))^^ - o. 

Then, by Lemma 3.1 in [18 on page 32 the item 3 is obtained. Finally, taking 
into account that Lpa are parallel with respect to V on H, the first equality 
of 4 is obtained. The next equality is achieved by means of the first one and 
item 3. □ 

First we have R{X, Y)Z in term of R{X, Y)Z, for all X,Y,Z e T{TM), 
as follows 

+r7"(X)(^„(VyZ) + r,"(r)(^„(Vjf Z) + r,"(Z)^,(Vxr) 
+7j"{\7yZ)MX) + r/"(Vx^)¥'a(F) + rj'^{VxY)ipc.{Z) 

+n"{x, VyZ)ea + n"{Y, VxZ)Cc. + n'^iVxY, z)^^ 
- {n^{Y, x)^^{z) + n^{z, x)^^{Y)) 

+jf{Y)fi^{X)^fi^^{Z) + T^'^{Z)i^f^{X)^0^^{Y) 
-2 ELi r{Y)r{Z)X + 2<(y)g(X, Z)^^ 

+r{Y)^P{x, ipaizMfi + v''{z)n^{x, ^a(F))e/3 

+r^'^{Y)rjf'{ip„{Z))ipp{X) + r{Z)vnVo.{Y))^p{X), 

(4.5) 



^[X.Y]Z = V[x,Y]Z 

+r ( [X, Y])^^{z) + r {z)^c.{ [X, y] ) + r!" ( [x, y] ,z)i^. 

(4.6) 

Therefore, 

R{X, Y)Z = R{X, Y)Z 

-2Q.°'(Y,X)tpa{Z) - n°'{Z,X)Lpc,{Y)+Vl°'{Z, Y)ipa{X) 

+Tl^i{r{x)r{z)Y - r{Y)r{z)x) 

-r^-{ZW'{Y)^pVo.{X) + r{ZW{X)vp^c.{Y) 
+2r{Y)v^{X)^piPo.{Z) + 2r{Z)^lP{X, Vc.{Y))^p 
-r^^{X)nf'{Y, Vo.{ZMp + r{Y)n^{X, ^c.{Z))^p 
+7^-iY)fj^i^^iZ))MX) + nZ)7^f^i^c.{Y))ipp{X) 
-r{X)vnVo.{Z))vt3{Y) - r{Z)i^P{^^{X))vp{Y) 
+r{Y)9{X, Z)i^ ~ r{X)g{Y, Z)i^, 

(4.7) 

where the Einstein notation is used for repeated indices a and /3 on their 
range in case of a 7^ /3. 
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Corollary 4.2. Let M be a 3-Sasakian manifold and (H, g\u) the HyperKahler 
contact distribution on M. Then the following holds for each vector field 
X e TH 

R{X, ^iX, ^2X, ip^X) = R{X, ipiX, ip2X, ip^X). 
The Ricci tensor S of the HyperKahler contact distribution H is defined 

by 

An 

vx,yerH, (4.8) 

1=1 

where {vi, W4„} is an orthonormal local basis of vectors in FH. Then, the 
local components of Ricci tensor S are given by 

^.=^(^^^) = ^\.- (4.9) 
Lemma 4.3. Let M be a connected 3-Sasakian manifold of dimension 4n + 3, 
with n > 1. Then, the Ricci tensor S of the HyperKahler contact distribution 
H satisfies 

S{X, Y) = (4n + 8)g{X, Y) MX, Y e TH. 

Proof. In [ini, it was proved that 3-Sasakian manifolds are Einstein spaces 
and their Ricci tensor fields with respect to the Levi-Civita connection are 
given by 

S{X, Y) = (4n + 2)g{X, Y) VX, Y G VTM, 
where dim{M) = 4rt + 3. 

If {vi, ...,V4,n\ is an orthonormal local basis of H then {Ci, ^2, Cs? ^i; ^^4n} 
will be an unitary orthogonal local basis of TM , and vice versa. Using (|2.2p . (|4.7p 
and for aU X,Y ^ TH, we obtain 

in in 

1=1 i=l 

3 4n 3 

-3 E E ^o.v^)g{po.Y, V,) = Six, Y)-Y, 5(i?(Ca, X)Y, C„) + 9.g(X, Y) 
= (4n + 2)g{X, Y) - 3g{X, Y) + Qg{X, Y) = (4n + %)g{X, Y). 

□ 

The sectional curvature K of Levi-Civita connection V for the plane 11 
spanned by {X, Y} at a point is given by 

K(m K(XY\ R{X,Y,X,Y) 

Km = K[X,Y) = -g^x^x)giY,Y)-g^iX,Yy 

It is easy to check that if (11) is independent of choosing the vector fields X 
and Y spanned 11. 

The holomorphic sectional curvatures of the HyperKahler contact distribu- 
tion H are defined by 

Ha{X) = R{X,ipaX,X,ipaX) Va== 1,2,3 

where X G FH has unit length at any point with respect to the metric g. 
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Definition 4.4. Let M be a 3-Sasakian manifold. The plane IT is called a 
i/jQ-plane, whenever for any X the sections X and faX span H. 
Theorem 4.5. Let M be a 3-Sasakian manifold of dimension 4n + 3, with 
n > 1. If only one of the holomorphic sectional curvatures of the HyperKdhler 
contact distribution H does not depend on the respective ipa-plane {X, (paX}, 
then all holomorphic sectional curvatures are constant on M . Moreover, this 
constant value is equal to ^^^rj- 

Proof. First, without losing the generality, suppose that the holomorphic 
sectional curvature Hi of H is independent of the {X, (piX}-p\a.ne and it is 
given by -ffi(n) = h where h is a function on M. Now, let 

Ro{X, r, Z, U) = l{g{X, Z)g{Y, U) - g{X, U)g{Y, Z) 

+ Ea=l 9{X, VaZ)g{Y, ipaU) - Y1 = i di^, 'PaU)g(Y, ipaZ) 
+2 ELi 9{X. VoJ)9{Z, ^aU)) yX, Y,Z,Ue PH. 

(4.10) 

It is easy to check that Rq satisfied (|4.4I) . Moreover, 

i?o(X,^„X,X,(^„X) = 1, a = 1,2, 3 (4.11) 
for all unitary vector field X e FH. Therefore, we obtain 

R{X, ipiX, X, LpiX) ^ hRo{X, ipiX, X, ipiX), \JX e FH. 
By lemma 4.1 on page 132 of [IH], the following are obtained 

R{X,Y,Z,U) ^ hRo{X,Y,Z,U), VX, F, Z, [/ e FH. (4.12) 
Now, by calculating the Ricci tensor of Rq and using lemma 14.31 we obtain 

4n 

(4n + 8)g{X, Y) = S{X, Y) = hY^Ro{v^,X, v„ Y) 

h 3 3 

= -(4ng(X, Y) - g{X, F) + ^ g{X, F) + 2 ^ g{X, Y)) - h(n - 2)g{X, Y) 

a— 1 Q— 1 

Therefore, 

n — 2 

From (|4.1ip - (|4.13p . we conclude that 

4n + 8 



H^{X) = R{X, X, ip^X) = HRoiX, ip^X, X, ^„X) 



n-2 ' 

where a = 1, 2, 3 and X is an unitary vector field in H. This completes the 
proof. □ 

In theorem 14. 5[ it is proved that if a holomorphic sectional curvature 
of H is constant then all of them are constant and equal. In this case, we 
call H a HyperKahler contact distribution of constant holomorphic sectional 
curvature. By means of this definition and theorem l4.5l the following corollary 
is obtained 
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CoroUjiry 4.6. Let M be a 3-Sasakian manifold of dimension 4n+3, with n > 
1. Then the HyperKahler contact distribution H is of constant holomorphic 
sectional curvature ^^^y if and only if its curvature tensor field R on H is 
given by 

k ^ 
R{X, Y)Z = -{g{Y, Z)X - g{X, Z)Y + ^ g{v^Y, Z)^^X 

Q=l 

3 3 

- ^ + 2 ^ g[X, Vo.Y)^o.Z) VX, Y, Z e TH. 

a— 1 Q— 1 

Theorem 4.7. Let M he a 3-Sasakian manifold with HyperKahler contact 
distribution H. Then H is of constant holomorphic sectional curvature k if 
and only if any ipa-sectional curvature of M for a Lpa-plane {X, ipaX}, where 
X G rH, is constant fc — 3 for a — 1,2, 3. 

Proof. It is a straightforward consequence of ()4.7p . □ 

Up to now, we use metric connection V on HyperKahler contact dis- 
tribution H to define the curvature tensor, holomorphic sectional curvatures 
and Ricci tensor of this distribution. Moreover, in some theorems, we present 
them in terms of curvature tensor, cpa-sectional curvatures and Ricci tensor 
of Levi-Civita connection on H, respectively. In the next theorem, we study 
the sectional curvatures of these two connections on M. 
Theorem 4.8. Let 11 be the Lp^-plane at a point of a 3-Sasakian manifold M . 
Then, the sectional curvatures of 11 with respect to the V and V are related 
as follows 

k{Ii) = K{Ii) + 3 + 4 {r^(^{X)ri-<{X)Y 

+6 {{vnX)f + {^HX)f) - 8 {{v^{X)f + {ii^{X)f) , 

where X is a unit vector in the ipa-plane 11 and {a,l3,j) is an arbitrary 
permutation of (1,2,5). 

Proof. Without losing the generality, we prove these theorem for a = 1. 
Consider the ai-plane 11 and unit vector X e 11, then by using (j4.7p . we 
obtain 

KiU) = RiX, ifiX, X, ifiX) = RiX, ifiX, X, ipiX) 
-{2 + m^i^iX, X)g{ippipiX, X) + nl^iipiX, ^iX)g{ifpX, X) 

3 

13=1 

-r^f'{^^X)f^^^iX)g{^^^pX,X) + (1 + 2)t^P {^^XW {X)g(^^^p^^X, X) 
+(1 + l)7^P{^,XW{^p^,X)g{^^X,X) - 7^f'{XW{ipp^,X)g{ip^ip^X,X) 
~7j^i^iX)7^''i^pX)gi^^if,X,X) + ri^i^iX)giX,if,X)gi^p,X) 
-rfiX)g{ipiX, ipiX)g{^fj,X) + (2 + 1)t^^ iip.X)^'' {X, ippipiX)g{^^, X) 
-V^iX)W{^,X, ippip,X)g{^^,X) = K{n) +3 + 4 (r7^(X)77^(X))' 
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+6 {{v^X)r + iv^X))^) - 8 {{v^X)f + {vnX)f) . 
This completes the proof. □ 
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